This paper gives a detailed description of the JSJ-decompositions of knot complements in S 3 . Formulated in the language of trees, the result is the construction of a bijective correspondence between isotopy classes of knots in S 3 and a class of labeled, finite rooted trees. This bijection can be thought of as the uniqueness theorem for Schubert's satellite decomposition of knots. As an application of the methods, we give a new proof that any diffeomorphism of a knot complement f : C → C extends to a diffeomorphism of S 3 .
Introduction
Although the JSJ-decomposition is well-known and frequently used to study 3-manifolds, it has been infrequently used to study knot complements in S 3 , perhaps because in this setting it overlaps with Schubert's 'satellite' constructions for knots. In this paper we use the JSJdecomposition to prove a uniqueness theorem for Schubert's satellite operations.
We describe Schubert's satellite operations in the language of rooted trees. Our main theorem is Theorem 1.1 Given a non-trivial knot K in S 3 , let C K be its complement in S 3 , C K = S 3 \U K where U K is an open tubular neighborhood of K . Split C K along its JSJ-decomposition, and let V K be the component that contains ∂U K . Then the operation of 'splicing' gives us a canonical identification between V K and the complement of a link L K in S 3 having these properties:
• L K is an n + 1-component link, where n is the number of components of C K \ V K .
• L K belongs to precisely one of the following classes of links:
(1) n = 0 and L K is a torus knot. Moreover, all of the links above are realizable as an L K for some knot.
Splicing also gives us a canonical collection of non-trivial knots K 1 , K 2 , · · · , K n such that C K \V K is the disjoint union of the complements of K i for i ∈ {1, 2, · · · , n}. We recursively associate to K a labeled rooted tree, where each vertex is labeled by one of the links above in the following way: The root of the tree associated to K is labeled with the link L K . The children of the root are the roots of the trees associated to K 1 , K 2 , · · · , K n , respectively.
We show the rooted tree associated to a knot is unique up to a certain finite ambiguity coming from permutation of the factors and reversal of the orientations of the components of the link
• An n-tuple L = (L 1 , L 2 , · · · , L n ) is a link if L i is a knot for all i ∈ {1, 2, · · · , n} and if they are pairwise disjoint L i ∩ L j = φ for all i = j ∈ {1, 2, · · · , n}.
• Let D n = B n = {x ∈ R n : |x| ≤ 1} is the compact unit n-ball or n-disc.
• Given a solid torus M ≃ S 1 × B 2 in S 3 , there are two canonical isotopy classes of curves in ∂M , the meridian and longitude respectively. The meridian is the essential curve in ∂M that bounds a disc in M . The longitude is the essential curve in ∂M that bounds a 2-sided surface in S 3 \ int(M ) (ie: the Seifert surface).
• Otherwise we will follow the notation of Kawauchi for knots and links [13] , for such definitions as connected-sum, splittability, etc.
Our definitions and conventions regarding 3-manifolds are:
• 3-manifolds are taken to be oriented and are allowed boundary.
• For standard definitions of connected-sum, prime, irreducible, Seifert-fibered, incompressible surface, etc, we will use the conventions of Hatcher [9] .
• Given a 3-manifold M and a properly-embedded 2-sided surface S ⊂ M , M |S 'M split along S ' is defined to be M \ int(νS) where νS ≃ [−1, 1] × S is a tubular neighborhood of S . We think of S as being embedded in M |S naturally in two standard ways S ≃ S + = {1} × S and S ≃ S − = {−1} × S .
• Given n disjoint embedded incompressible tori T = (T 1 , T 2 , · · · , T n ) in an irreducible 3-manifold M we say it is the JSJ -decomposition if M |T consists of Seifert-fibred and atoroidal pieces, and if no smaller such collection splits M into Seifert-fibred and atoroidal manifolds. This collection of tori is unique up to isotopy.
There are several treatments of the JSJ-decompositions of 3-manifolds. There's the original [11] , or Hatcher's [9], Neumann's [16] as well as the Eisenbud-Neumann book [6] . Our convention for the JSJ-decomposition follows Hatcher. As Neumann describes in his paper [16] , all versions of the decomposition are closely related. In particular, all versions of the JSJ-decomposition give exactly the same collection of tori in the case of link complements in S 3 .
The structure of the paper is as follows. Our sections are given by:
• Section 1 -notation and statement of results.
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• Section 2 -definition of the JSJ-graph associated to a knot complement, and why it is a tree.
• Section 3 -description of the sub-trees of the JSJ-tree, and how they are JSJ-trees of simpler knots.
• Section 4 -proof that disjoint knot complements in S 3 are unlinked, ie: a non-trivial JSJ-tree implies the knot is 'spliced'.
• Section 5 -proper definition of the splicing operation and first statement of uniqueness.
• Section 6 -computation of the Seifert-fibered links that arise via splicing.
• Section 7 -the canonical tree associated to a knot.
• Section 8 -examples.
• Section 9 -applications of the main theorem.
I'd like to thank Allen Hatcher for his suggestions on the strategy to prove a previous version of Proposition 4.1, as well as pointing out errors in the early version of Lemma 6.3. I'd also like to thank Gregor Masbaum for his suggestion of reformulating what is now Proposition 4.1, and for his help in understanding Schubert's paper [18] .
The graph associated to a knot complement
In this section we define a graph associated to a knot complement. We then prove the graph is a rooted tree provided the knot is non-trivial. First a convention regarding the path-components of a space X and notation for knot complements.
Definition 2.1 Let X be a topological space, then define an equivalence relation on X by x ∼ y if there is a path from x to y . We let [x] = {y ∈ X : y ∼ x} and π 0 X = {[x] : x ∈ X} is the set of equivalence classes.
Given a knot K in S 3 we let C K denote the complement. Specifically, let U be an open tubular neighborhood of K , then
Consider the JSJ-decomposition of C K . It is a collection of disjoint incompressible tori
Definition 2.2 Given a non-trivial knot complement C K with JSJ-decomposition T 1 , T 2 , · · · , T n , define the graph G K with
The endpoints of the edge π 0 T i are the two components of C| ⊔ n i=1 T i that (T i ) + and (T i ) − are subsets of (see the conventions in Section 1). In the case of a trivial knot complement C K ≃ S 1 × D 2 then our convention for G K is that it is the empty graph. 
The JSJ-tree is given in the diagram below.
That this tree is G K will be proved later in the paper. For now, the example just serves to give a sense for what is to appear later in the paper.
There are some elementary observations one can make about G K . Provided K is non-trivial then:
• G K is connected since C K is connected.
• By the Generalized Jordan Curve Theorem (see for example [10, 8] ) each T i separates S 3 into two components. Therefore each T i separates C K into two components, and π 0 T i separates G K into two components.
• G K has n edges and n + 1 vertices, thus it is a tree.
• Only one of the components of
Proposition 2.4 If K is a non-trivial knot, then G K is a rooted tree, with root given by the
, the boundary of the tubular neighborhood of K .
We will proceed to investigate the structure of G K . Since G K is a rooted tree, we will simply call G K the JSJ-tree associated to K .
3 Sub-trees of the JSJ-tree Given a knot complement C K with JSJ-decomposition T 1 , T 2 , · · · , T n and root manifold
Proof Each of the tori T i bounds a solid torus K i ⊂ S 3 on at least one side by Alexander's theorem (see for example [9] ). Let C i = S 3 \ K i be the complement of the solid torus. Observe that C i ⊂ C K , because if it was not true, the meridian of K i would bound a disc in C K which is impossible since T i is incompressible in C K . C i and C j are disjoint for i = j by design.
In the above proof, notice that not only are
Consider the JSJ-tree G K , and let G K (T i ) be the maximal sub-tree of
is a rooted subtree, the root being the endpoint of π 0 T i in G K which is not π 0 V K .
Proposition 3.2
We continue to use the conventions above.
• Moreover, if one removes the subtrees 
Proof The fact that G K (T i ) = G K i follows immediately from the definition of the JSJdecomposition -the tori of G K (T i ) are a minimal collection that split C i into atoroidal and Seifert-fibered pieces, by definition. The remaining observations follow.
The above propositions allow us to study G K inductively through the root manifolds V K .
A partial converse to the above proposition will be proven in Proposition 5.5, in the sense that we answer the question: given a family of knots with their JSJ-decompositions G K i , when can we find a knot K so that
Unlinked knot complements
This section starts with a technical proposition about disjoint knot complements in S 3 . This motivates the definition of a knot generating link (KGL).
• If the intersection is empty, let B 1 be a regular neighborhood of
• If the intersection is non-empty, it consists of a nested family of circles in D 2 1 . Consider an innermost circle S bounding an innermost disc D in D 2 1 . S ⊂ T i for some i = 1, and as a circle in T i either bounds a disc in T i or not.
Let B be the 3-ball that does not contain C 1 . As is a standard argument, we use B to isotope D 2 1 across the ball B , reducing the number of intersections between D 2 1 and
Thus by induction we can either reduce to the case of where D 2 1 does not intersect any of T 2 , T 3 , · · · , T k , or we are in the case below.
is disjoint from the remaining knot complements.
We proceed by induction.
Consider the case that we have j disjoint 3-balls
Thus the above argument verifies the j = 1 case.
Let D 2 j+1 be a meridional disc for K j+1 and consider its intersection with
• If the intersection is empty, as in the previous case let B j+1 be a regular neighborhood of
• If on the other hand the intersection is non-empty, let S be an innermost curve of the intersection bounding an innermost disc D in D 2 j+1 . Thus S is a sub-manifold of one of
to lower the number of intersections with the family
-If S does not bound a disc in the above family, it must be a meridional curve in some
Thus by re-labeling the tori and balls appropriately, we have completed the inductive step.
Proposition 4.1 first appears in the literature as Schubert's Theorem §15.1 [18] (pg. 199).
In this case we would say that L 'generates on component 0.'
Proposition 4.3 If V K is the root manifold of the JSJ-decomposition of a knot complement
• k is the number of children of
• The diffeomorphism between V K and the complement of L sends the longitude (resp. meridian) of K to the longitude (resp meridian) of L 0 and sends the longitude (resp. meridian) of L i to the meridian (resp. longitude) of T i for all i ∈ {1, 2, · · · , k}.
• L is non-compound.
Proof We construct the link L, proceeding with the notation from Lemma 3.1. By Proposition 4.1, there exists (knotted) embeddings
is a solid torus, so it is a tubular neighborhood of some curve
By design, V K is diffeomorphic to the complement of L, as the above map is an explicit diffeomorphism between the two, and by design for i ∈ {1, 2, · · · , k} the longitudes of L i are sent to meridians of C i , meridians of L i to longitudes of C i , and longitudes and meridians are preserved between L 0 and K .
Splicing
We define an operation called splicing. In essence, splicing is the inverse of the procedure used to construct L in Proposition 4.3. Thus we will show how to construct a knot from a KGL. This will allow us to later prove a uniqueness theorem -in certain circumstances, one can characterize the isotopy class of the knot generated by splicing in terms of the isotopy classes of the KGL and other data.
Definition 5.1 For the purposes of this paper, a long knot will be an embedding f : R × D 2 → R × D 2 satisfying:
• The linking number of f |R×{(0,0)} and f |R×{(1,0)} is zero.
From a long knot f , one can construct a knot in S 3 in a canonical way. The image of f |R×{(0,0)} is a proper submanifolds of R 3 so its one-point compactification is an oriented knot in S 3 . Every knot in S 3 is isotopic to a compactified long knot, and if two long knots have isotopic compactifications (as knots in S 3 ) then they are isotopic as long knots. Proofs of this proposition appear in many places in the literature, see for example [3, 2] for recent examples.
For convienience, let I be the 2-ended compactification of R, I = [−∞, ∞]. We call h a discsystem forL. Given n non-trivial knots in S 3 , J = (J 1 , J 2 , · · · , J n ) let f = (f 1 , f 2 , · · · , f n ) be their associated long knots. The re-embedding function associated toL, the disc-system h and knots J is an embedding R h [L, J] : C u → S 3 defined to be the identity on C u \ img(h), and on the image of
Proposition 5.3 Up to isotopy, the embedding
Thus L⊲⊳J is a well-defined oriented knot in S 3 whose isotopy class only depends on the isotopy classes of L and J respectively.
The proof of this proposition has two parts.
(1) We construct a 1-parameter family h(t) = (h 1 (t), h 2 (t), · · · , h n (t)) for t ∈ [0, 1] such that:
• There is a natural number l ∈ N and integers i k ∈ {1, 2, · · · , n} for each k ∈ {1, 2, · · · , l} such that the interval [0, 1] can be partitioned into l subintervals
-h m (t) and h q (t) are disjoint provided m = q and both m = i k and q = i k .
(2) In analogy to the little cubes action on the space of long knots [2] we use the above 1-parameter family h(t) to construct a 1-parameter family of re-embedding functions
We will prove part (2) from (1) first.
Extend ξ i (t) to be an embedding ξ i (t) : C u → S 3 with support in the image of h i (t). Then for t ∈ I k define R h(t) [K, J] with the formula:
Now we prove part (1). Ultimately, the ideas going into this proposition are a variation on the dissertation of Dahm [5] , thus we will use his results to prove the proposition. Let Emb(⊔ n S 1 , R 3 ) be the space of embeddings of a disjoint union of n copies of S 1 in R 3 . Let UEmb(⊔ n S 1 , R 3 ) be the unlink component of Emb(⊔ n S 1 , R 3 ), ie: the subspace of embeddings which extend of an embedding of ⊔ n D 2 in R 3 . Let Diff + (S 1 ) be the group of orientation-preserving diffeomorphisms of S 1 .
Dahm proved [7] that the fundamental group of the 'space of unlinks' in R 3 ,
is generated by n 2 − n elements, α i,j for i = j . Sometimes this is called the McCool group as McCool gave a presentation for it [15] and showed it is isomorphic to the 'basis conjugating' subgroup of the automorphism group of a free group on n letters. Geometrically, the generator α i,j comes the path in UEmb(
where one pulls the i-th unlink component through the j -th, holding all the other components fixed.
Consider the fibration
is an epimorphism. The point of this diversion is that a tubular neighborhood of an element of Emb(⊔ n D 2 , R 3 fix ∂) gives us a disc-system, and π 1 UEmb(⊔ n S 1 , R 3 ) is a group that acts transitively on π 0 Emb(⊔ n D 2 , R 3 fix ∂).
Thus if we let g be an arbitrary element of π 0 Emb(⊔ n D 2 , R 3 fix ∂), there is an element γ ∈ π 1 UEmb(⊔ n S 1 , R 3 ) so that ∂γ = g (here ∂γ is the action of γ on the base-point * of Emb(⊔ n D 2 , R 3 fix ∂)). Let Y (γ) ∈ Diff(R 3 , ⊔ n S 1 ) be the diffeomorphism of R 3 such that Y (γ)( * ) = g , given via an isotopy-extension of γ . If for example γ = α i,j , we can picture Y (α i,j ) as in the picture below. For all k ∈ {1, 2, · · · , n} we let D 2 k be the k -th embedded disc of the base-point
Notice that we can assume that Y (α i,j )(D 2 j ) and D 2 j are disjoint except on their common boundary. The 2-sphere
, otherwise all the other discs D 2 k for k = i are in the complement of B . This gives us a 1-parameter family
This would prove part (1) if one of h, h ′ was the base-point and the other differed from it by the action of a single α a 1 ,b 1 ) .
By induction, we have created the required 1-parameter family of embeddings that we claimed exists.
are the longitudes and meridians of L i respectively.
(1) C L is atoroidal and not Seifert-fibered.
(2) C L is Seifert fibered, and if any of the root manifolds V K i of the knots K i are Seifert fibered, then the fiber slope of K i in V K i is not allowed to be
β i α i where α i β i is the fiber- slope of L i in C L .
Proof The splicing construction gives us an embedding
i is the JSJ-decomposition of C K i . This is because: • C K⊲⊳L split along all the above tori consists of the manifolds: the image of V L under the embedding V L → C K⊲⊳L together with the manifolds C K i |T ′ i . Thus when we split along this collection of tori we get atoroidal and Seifert-fibered manifolds.
• This collection is minimal because none of the Seifert-fiberings match up and thus we can not do without any tori in this collection. This of course begs the question, 'are the fiber-slopes of a Seifert fibered knot complement unique' ? The answer is yes and will be proven in Corollary 6.7. 
Proposition 5.6 Given two spliced knots K⊲⊳L and K
Proof Let f be an isotopy so that f 0 = Id S 3 and f 1 (K⊲⊳L) = K ′ ⊲⊳L ′ as oriented knots. Since V K⊲⊳L and V K ′ ⊲⊳L ′ are the root-manifolds of the respective knot complements, we can assume
Thus by 'desplicing' we get an orientation-preserving diffeomorphism of g of S 3 sending L to L ′ which sends L 0 to L ′ 0 preserving the orientations of L 0 and L ′ 0 respectively. Since splicing sends longitudes of L i to meridians of C i , if g(L i ) = ǫL j where ǫ ∈ {+, −} then f restricts to an orientation-preserving diffeomorphism f : C i → C j sending the meridian of C i to ǫ times the meridian of C j . This completes the proof.
Seifert-fibered pieces
In this section we characterize the non-compound Seifert-fibered KGLs. By Propositions 4.3 and 5.5 we know the complements of these manifolds are the ones that arise when one splits a knot complement along its JSJ-decomposition.
We proceed by classifying the Seifert-fibred manifolds that embed in S 3 . We then use this information to determine when a Seifert-fibered manifold can appear as a component of a knot complement split along its JSJ-decomposition.
Lemma 6.1 If M is a Seifert-fibered sub-manifold of S 3 with non-empty boundary, then either M is a solid torus or a component of S 3 \ M is a solid torus.
Proof Let C = S 3 \ M . Since ∂M consists of a disjoint union of tori, every component of ∂M contains an essential curve α which bounds a disc D in S 3 . Isotope D so that it intersects ∂M transversally in essential curves. Then ∂M ∩ D ⊂ D consists of a finite collection of circles, and these circles bound a nested collection of discs in D. Take an innermost disc
We will proceed to determine which Seifert-fibered manifolds embed in S 3 . Since S 3 is orientable, all submanifolds of S 3 are also orientable. We will use the notation in Hatcher's notes [9] for describing orientable Seifert-fibered manifolds. Thus M (±g, b;
) denotes the Seifert-fibered manifold with fiber-space a surface of genus g , we use the symbol −g to denote the situation where the base space of a non-orientable surface of genus g . b is the number of boundary components and
denotes the slope of the attached meridional curve as in Hatcher's notes. Definition 6.2 We let P n denote a compact surface of genus 0 with n + 1 boundary components. Thus P n is an 'n times punctured disc', and P n = M (0, n + 1; ).
Lemma 6.3 Let V be a Seifert-fibered sub-manifold of S 3 . Then V is diffeomorphic to one of the following:
• M (0, n;
) for n ≥ 0 and α 1 β 2 − α 2 β 1 = ±1. These are the complements of regular fibers in a Seifert fibering of S 3 .
• S 1 × P n ≃ M (0, n + 1; ) for n ≥ 0.
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) for n ≥ 1. These are the complements of regular fibers in Seifert-fiberings of
Moreover, all of the above manifolds are submanifolds of S 3 , thus they form a complete list of the Seifert-fibered submanifolds of S 3 up to diffeomorphism.
Now we consider the case b ≥ 1.
Seifert-fibered manifolds that fiber over a non-orientable surface do not embed in S 3 since a non-orientable, embedded closed curve in the base lifts to a Klein bottle, which does not embed in S 3 by the Generalized Jordan Curve Theorem [8] . Thus ±g = g ≥ 0.
A Seifert-fibered manifold that fibers over a surface of genus g > 0 does not embed in S 3 since the base manifold contains two curves that intersect transversely at a point. If we lift one of these curves to a torus in S 3 , it must be non-separating. This again contradicts the Generalized Jordan Curve Theorem. Thus g = 0.
By Lemma 6.1, either V is a solid torus V ≃ M (0, 1;
) or some component Y of S 3 \ V is a solid torus. Consider the latter case. There are two possibilities.
(1) The meridians of Y are fibers of V . If there is a singular fiber in V , let β be an embedded arc in the base surface associated to the Seifert-fibering of V which starts at the singular point in the base and ends at the boundary component corresponding to ∂Y . β lifts to a 2-dimensional CW-complex in M , and the endpoint of β lifts to a meridian of Y , thus it bounds a disc. If we append this disc to the lift of β , we get a CW-complex X which consists of a 2-disc attached to a circle. The attaching map for the 2-cell is multiplication by β where α β is the slope associated to the singular fiber. The boundary of a regular neighborhood of X is a 2-sphere, so we have decomposed S 3 into a connected sum S 3 = L γ β #Z where L γ β is a lens space with H 1 L γ β = Z β . So β = 1 and the lens space is S 3 since S 3 is irreducible. Thus V ≃ S 1 × P b−1 ≃ M (0, b; ) since the denominators β i = 1 for all i ∈ {1, 2, · · · , k} so we can take k to be 0. • If V ∪ Y = S 3 then we know by the classification of Seifert fiberings of S 3 that any fibering of S 3 has at most two singular fibers. If V is the complement of a regular fiber of a Seifert fibering of S 3 , then V is a torus knot complement V ≃ M (0, 1;
) with α 1 β 2 − α 2 β 1 = ±1. Otherwise, V is the complement of a regular fiber in a fibering of S 3 , thus V is a solid torus.
• If V ∪ Y has boundary, we can repeat the above arguments. Either V ∪ Y is a solid torus, in which case V ≃ M (0, 2;
) or a component of S 3 \V ∪ Y is a solid torus, so we obtain V from the above manifolds by removing a Seifert fiber. Thus by induction, we can prove that V ≃ M (0, n;
) for n ≥ 1 and α 1 β 2 −α 2 β 1 = ±1 (this happens by deleting regular fibers from a Seifert fibering of S 3 ), or V ≃ M (0, n; 
If one takes a connected-sum of p copies of the Hopf link, one obtains the p + 1-component link (which we will call the p + 1-component keychain link H p )
Observe the complement of H p is diffeomorphic to M (0, p + 1; ).
The (p, q)-Seifert link has GCD(p, q) + 1 components.
Observe that the complement of
The complement of T (p,q) is diffeomorphic to M (0, 1; • The unknot.
• The p-component keychain links for all p ≥ 2.
• All of the (p, q)-torus knots.
• Only the (p, q)-Seifert links where GCD(p, q) = 1.
Proof We simply run through the manifolds in Proposition 6.3 and check to see which ones arise in the proof as the complement of a link.
The unknot is the only knot or link with complement diffeomorphic to
• The n = 1 case is special, since
. L 1 is the unknot, and
is an unknotted solid torus since it is the complement of a tubular neighbourhood of an unknot. Thus L is the Hopf link. • In the n ≥ 2 case, consider the case that a meridian of Y 0 is not a fiber of C L .
Then we could extend the Seifert fibering of C L to one on C L ∪ Y 0 which is an ncomponent unlink complement, n ≥ 2. Such a manifold has a non-trivial connectedsum decomposition, yet the only orientable Seifert-fibered manifolds that are not irreducible are S 1 ×S 2 and RP 3 #RP 3 , yet neither have boundary. So meridians of Y 0 must be fibers of C L . Let D 1 and D 2 be two disjoint properly-embedded meridional discs in Y 0 . Since ∂D 1 and ∂D 2 are fibers of C L , there exists an embedded annulus A in C L such that ∂A = ∂C 1 ∪ ∂C 2 . Moreover, we can choose this annulus so that it separates C L into a component containing ∂Y n and a component containing
for n ≥ 1 then we know from the proof of Proposition 6.3 that we obtain C L from S 3 by deleting tubular neighborhoods of regular fibers of a Seifert fibering of S 3 . When n = 1 this is the complement of the (β 1 , β 2 ) torus knot. For n ≥ 2, all the strands of L are parallel (β 1 , β 2 ) torus knots, so L 1 is the unknot if and only if (β 1 , β 2 ) = (1, 1) in which case C L is reducible. Thus, only the n = 1 case can happen. • A knot J is a connected-sum of n prime knots for n ≥ 2 if and only if J = K⊲⊳L where L is an n + 1-component keychain link, and the knots
• Proof We need to show that S 1 × P n for n ≥ 2, M (0, 2;
) and M (0, 1;
) for α 1 β 2 − α 2 β 1 = ±1 have unique Seifert fiberings up to isotopy. The fact that these manifolds have vertical incompressible surfaces implies that these manifolds have unique Seifert fiberings up to diffeomorphism (see for example [9] ). Thus we need only show that any automorphism of one of the above manifolds is isotopic to one that preserves the Seifert fibering. This follows from the fact that in most Seifert-fibered manifolds, incompressible ∂ -incompressible annuli are isotopic to vertical incompressible surfaces.
The tree associated to a knot
In this section we bring the results of previous sections together with the results of Thurston [19, 20] and Kanenobu [12] that describe the non-Seifert fibered manifolds that arise as labels for G K . This allows us to define a new tree-valued invariant of knots that is a complete isotopy invariant of knots. Definition 7.1 Given a non-trivial knot K in S 3 , let C K be its complement and G K its JSJ-tree with root manifold V K . We define a rooted labeled tree G K satisfying the following:
• The root will be denoted V K , and if V K has n children, the maximal subtree rooted at the i-th child will be denoted G K (i).
• If G K has only one vertex, then V K = C K and G K is defined to be the one-vertex tree, labeled with the isotopy class of the knot K .
• If G K has n children for n > 0 then K = J⊲⊳L for some non-compound KGL L and nontrivial knots J = (J 1 , J 2 , · · · , J n ). G V is defined to be a labeled rooted tree where the root has n children. We label V K with the isotopy class of L, and for each i ∈ {1, 2, · · · , n} we recursively define G K (i) = G J i .
• Given a rooted tree G K , define −G K to be the same labeled rooted tree as
• If K ′ and K are knots, we say
-G K and G K ′ are both trees with only one vertex, then we demand K and K ′ are isotopic.
(which does not need to preserve the labellings nor the orientations of the L i and L ′ j ). Let σ : {1, 2, · · · , n} → {1, 2, · · · , n} be the permutation and ǫ : (2) The fact that G K is a complete isotopy invariant of K follows from Proposition 5.6.
(3b) Proposition 5.5 tells us when we can construct a spliced knot with prescribed KGL. All non-Seifert fibered links are valid. By the work of Thurston [19, 20] , the non-Seifert fibered non-compound KGLs are precisely hyperbolic links.
(3c) By Proposition 6.5 a non-trivial Seifert-fibered KGL is valid provided the boundary slopes do not match up with any of the boundary slopes of its children. But that only happens when a child of a keychain link is labeled with a keychain link.
(4) Kanenobu's theorem [12] states that for all k ∈ N there exists a hyperbolic link with n components so that every proper sublink is the unlink. Such a link is necessarily a KGL.
Examples
In this section we illustrate the ideas of the paper by computing G K for various knots K . The trees G K will be given in splice notation.
(1)
A trefoil knot K = T (−3,2)
G K = T (−3,2) ⊲⊳S (17, 2) Let F 8 denote the figure-8 knot.
(3)
preprint, not for distribution K (F 8 , T (3, 2) )⊲⊳B 0,6 So for example, the knots in examples 6 and 7 are not isotopic, since any isometry between the complements of B and B 0,6 does not preserve the meridians of all the link components. One can compute this via Snappea. A simpler observation that suffices is that B is Brunnian while B 0,6 is not.
An application
Theorem 9.1 Let C K be a knot complement in S 3 . If f : C → C is a diffeomorphism, then f extends to a diffeomorphism of S 3 .
Proof Our proof is by induction on the height of the JSJ-tree of G K .
In the height 1 case, this is the case of the unknot, torus knots and hyperbolic knots.
• If C is a torus knot complement diffeomorphisms of C preserve meridians by Proposition 6.7.
• If C is a hyperbolic knot complement, π 0 Diff(C) ≃ Isom(C) thus the diffeomorphism group Diff(C) is not of finite order. Since a diffeomorphism of C must preserve the longitude, if it did not preserve the meridian it would be of infinite order, a contradiction.
Now consider the inductive step were G K has height n + 1.
A diffeomorphism of C K is isotopic to one that preserves the JSJ-decomposition of C K since the JSJ-decomposition is unique up to isotopy. Therefore such a diffeomorphism restricts to diffeomorphisms of V K and ∪ k i=1 C i = C K \ V K . V K is diffeomorphic to the complement of a non-compound KGL L. In the Seifert-fibered case, f : V K → V K preserves the meridian of V K corresponding to L 0 by Proposition 6.7. Therefore we reduce to the case that V K is hyperbolic, thus f : V K → V K can be assumed to be finite-order.
If lk(L i , L 0 ) = 0 for some i ∈ {1, 2, · · · , k} then since the longitude of L 0 is homologous to some amount of meridians of L i in V K , and we are inductively assuming f preserves the meridians and longitudes of the manifolds C 1 , C 2 , · · · , C k thus the longitude of L 0 must be preserved. All finite order maps of a torus that preserves a longitude must preserve the meridian.
If lk(L i , L 0 ) = 0 for all i ∈ {1, 2, · · · , k} then the longitude of L 0 is null-homologous in C L thus f must preserve the longitude. Being of finite order, it must preserve the meridian.
If one were to attempt to re-prove the Gordon-Luecke theorem using this method, one would have to prove Gordon-Luecke for
• Hyperbolic knot complements
• Diffeomorphisms of hyperbolic KGL complements of (n + 1)-components that preserve the longitudes and meridians of the n-component unlink sublink.
